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A STUDY ON SOME NEW RESULTS ARISING FROM (p,q)-CALCULUS

UGUR DURAN!, MEHMET ACIKGOZ? AND SERKAN ARACI®

ABSTRACT. This paper includes some new investigations and results for post quantum calculus,
denoted by (p, g)-calculus. A chain rule for (p, ¢)-derivative is given. Also, a new (p, g)-analogue
of the exponential function is introduced and its properties including the addition property for
(p, 9)-exponential functions are investigated. Several useful results involving (p, ¢)binomial co-
efficients and (p, g)-antiderivative are discovered. At the final part of this paper, (p, g)-analogue
of some elementary functions including trigonometric functions and hyperbolic functions are
considered and some properties and relations among them are analyzed extensively.
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1. INTRODUCTION

As g-calculus including ¢-numbers with one base ¢ is dealt with by some scientists since
XIX century, (p, g)-calculus including (p, ¢)-number with independent two variables p and ¢ are
firstly considered circa the same time (1991) and independently by [7], et al. [5], [28], et al.
[4]. [7] introduced the (p, ¢)-number to generalize or unify several forms of g-oscillator algebras
well-known in the physics literature related to the representation theory of single parameter
quantum algebras. [5] introduced (p,q)-number so that (p,q)-algebra can be derived from g-
calculus by a Bargmann differential realization of the creation and annihilation operator, the
Bose representation of those operators was derived, and (p,q)-Harmonic oscillator was con-
structed. White [28] introduced (p,q) -number in mathematical literature in order to obtain
(p, q)-Stirling number which is the generating function of the joint distribution of pairs of statis-
tics. [4] introduced (p, ¢)-number to investigate Fibonacci oscillators. Thereby, several physical
and mathematical problems lead to the necessity of (p, ¢)-calculus. Based on the aforementioned
papers, many mathematicians and physicists have developed the (p, ¢)-calculus in many different
research areas since 1991. For instance, [6] introduced (p, ¢)-hypergeometric functions and stud-
ied the relations among the basic hypergeometric functions, g-hypergeometric functions, and
(p, q¢)-hypergeometric functions in 1994. [17] considered a more general (p,q)-hypergeometric
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series as well as Burban’s (p, ¢)-hypergeometric series in [6] and he derived some related pre-
liminary results in 1997. In 2005, [16] gave a method to embed the g-series into a (p, ¢)-series,
discovered some results corresponding (p, g)-extensions of the known g-identities and they also
studied about (p, ¢)-hypergeometric series, based on the (p, ¢)-numbers. In 2008, [10] developed
the (p,q)-extension of the binomial coefficients and also established some properties parallel
to those of the ordinary and g¢-binomial coefficients. [25] investigated some properties of the
(p, q)-derivative and the (p, ¢)-integration and presented two appropriate polynomial bases for
the (p, q)-derivative, and then derived various properties of these bases in the year 2013. As an
application, he gave two (p, ¢)-Taylor formulas for polynomials. Furthermore, the fundamental
theorem of (p, g)-calculus and the formula of (p, g)-integration by part were given. In the year
2015, [26] introduced a new generalization of the Gamma and the Beta functions, calling as
(p, q)-Gamma and (p, q)-Beta functions and developed some of their properties reduced to the
known results as special cases.

Recently, (p, q)-integers have been introduced into classical linear positive operators to con-
struct new approximation processes. A sequence of (p, q)-analogue of Bernstein operators was
first introduced by [20]. For further developments, one can also refer to [1], [21], [22], [23].

The (p, g)-analogues of Bernoulli polynomials, Euler polynomials, and Genocchi polynomials
were described by et al. [11] in early 2016 and the (p, g)-analogues of known earlier formulae
were obtained, and relations between the new and old polynomials were investigated by making
use of the fermionic p-adic integral over the p -adic number fields. Also, in early 2016, a
new class of Bernoulli, Euler and Genocchi polynomials based on the theory of (p, g)-calculus
were considered by et al. [13] some of their properties including addition theorems, difference
equations, derivative properties, recurrence relationships were investigated. The (p, ¢)-extension
of main result in [8] was acquired, and further, the (p, ¢)-analogue of the main results given earlier
by [27] was discovered in [13]. et al. [3] researched and gave some connections between the (p, q)-
derivative operators and divided differences in 2016. Moreover, in 2016, et al. [2] considered an
extension of Haar distribution based on (p, ¢)-numbers. By means of this distribution, the (p, ¢)-
analogue of Volkenborn integration that is a new generalization of ¢ -Volkenborn integration was
derived. Some properties of Volkenborn integration based on (p, ¢)-numbers were investigated.
Finally, (p, q) -Bernoulli numbers and polynomials derived from (p, ¢)-Volkenborn integral were
constructed and also some of their properties were obtained.

We now review briefly some concepts of the (p, ¢)-calculus.

We begin with the following notations: N denotes the set of the natural numbers, Ny denotes
the set of nonnegative integers, R denotes the set of real numbers, and C denotes the set of
complex numbers.

The twin-basic number or (p, g)-number is defined by, for any number n,

Ve3 n
[n]nq = u — pn—l +pn—2q 4. _|_pqn—2 + qn—l
pP—q
which is a natural generalization of the g-number such that
_ =4
=14

:1+q+_”+qn72+qn 17

()14 = [0,

Note that [n], , = [n],
The (p, q)-derivative of a function f with respect to z is defined by

f (pz) — f (q2)

Dy g f () := Dpgf (x) = p—q)z

(z #0), (1)
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and (Dpqf) (0) = f'(0), provided that f is differentiable at 0. As with the g-derivative and
the ordinary derivative, the action of applying the (p,q) -derivative of any function is a linear
operator, viz., for any constants a and b,

Dpq(af (z) +bg (x)) = aDpqf (x) + bDpqg (z) .
The (p, q)-derivatives of product and the quotient of f (x) and g (z) are given by

Dy (f (2) g (x)) = g(px) Dpof (x) + f(q2) Dpqg (x) = f (pr) Dpyg (x) + g (q2) Dpof (), (2)
and

f (w) g (qz) Dy, f () — f(qx) Dyq9 () g (px) Dy qf () — f (px) Dyq9 ()

P (g (fB)) a g (px) g (qx) B g (px) g (qx) -

As well as the formulas (1.4) and (1.5) we may write one more representation in symmetrical

D (f (:v)> _1Dyqf () (9 (pz) + 9 (7)) — Dpqg (z) (f (pz) + f (q7)) )
M\g@)) 2 g(pz) g (qz). '
The formulas in Egs. (1)-(4) are valid, however one of these forms may be more useful than

form

others under special cases.
The (p, ¢)-Gauss Binomial formula is defined by

{ (x +a)(pr +aq)--- (p”_2a: + aq"_2)(p”_1x + aq”_l), ifn>1,

n —
(w@a), = 1, if n =0,

k=0 )
where the notations [} g 80d [n], ,! are defined by
|:n:| _ [n]p,q! (n > k‘)
kl,, [m—k, k], -
and
(gt = g0 =g 2,0 1,0, (R EN).

The (p, ¢)-exponential functions, e, ,(z) and E, ;(x), are defined by

epq() = ZP(Z) i
n=0

[l

)

and

n
| )

Epq(x) = iq(g) >
n=0

[]p.q

)

which hold the basic identity

epq(2)Epq(—x) = 1. (5)
The following (p, ¢)-derivatives hold true:
Dy gepq(x) = epq(pr) and Dy Ep () = Ep4(qz). (6)

Note that the (p, g)-derivatives of the (p, ¢) -exponentials are not precisely determined. However
those derivatives are in the similar form of the derivatives of classical exponential functions.

A more detailed statement of above, including (p, ¢)-numbers, is found in [1-7, 10, 11, 13, 16,
17, 20-23, 25].
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Taking here p = 1, then all notations given in this part are reduce to the notations of the
usual g-calculus (for details see [9, 12, 14, 15, 18, 19, 21)).

2. Main Results

The formulas (3) and (4) can be rewritten in explicitly symmetrical form:
Dy (£ (2)9(0)) = Dy (0) (LT 4 g o) (LD LLE)

More general form of the multiplication rule of (p, ¢)-derivative is presented with fixed 0 < o < 1,

Dpq (f(z)g(2)) = (af (qz) + (1 — a) f (px)) Dpeg () + (g (px) + (1 — ) g (q2)) Dpof () -

If we choose a =1, a =0 and a = %, we then get the formulas (3), (4) and (7), respectively.
Let y = f (z) be an injective and surjective mapping. In this case, we have z = f~! (y) where

f~1is the inverse function of f. Applying (p, q)-derivative to each side of z = f~1 (y) gives

1 = Dy,e=Dp,f *(y)
Ty ) = (y(ex) ye) —ylgx)

y (pz) —y (qz) pr —qr
= Dpguf ' (y(2)) - Dp gy (x),

thus we arrive 1

Dypgaf ' (y(x) = ,
P Dy, gy

which is (p, g)-extension of the usual derivative of inverse function f~1.

As it has been given for g-derivative in [18], there doesn’t exist a general chain rule for (p, q)-
derivatives. That is, if we consider the function f(u(x)), where u = u(z) = Az#* with A\, u being
constants, we have a chain rule as a special case:

Do Sul)] = Dy () = LALL T O
fQatph) — f(Aztg!) Aakph — Aatgt
Azkpht — Azkgt " x(p—q)
fup) — f(ug") u(pz) — u(gz)
upt —ught " z(p—q)

which gives

Dyp,q f(u(x)) = (Dpugrf) (u(z)).Dpqu(z), (8)
that is (p, ¢)-extension of the Eq. (5) in [18].

Conversely, if we consider the function u(z) = 2® + 22 or u(x) = cosz, the quantity u(pz)
and u(gx) can not be derived in terms of u in a basic way, and thereby it is impossible to write
a general chain rule.

As has been done for multiple g-calculus in [24], the case D, ,w (z) = 0 for any function
is o if and only if w (pz) = w (qx) called (p,q)-periodic function. By choosing p = P and
r = e = e¥ we can write @ (z) = w (e¥) = G (y) and

@ (pr) = G(y+1np).
Using condition of (p, ¢)-periodicity of F' (z), we get
G(y+Inp)=G(y+Ing),
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and if we denote y + Inp = z, then we realize

G (2) :G<z+lnq> ,
p
which implies that G (z) is a standart periodic function
G(z)=G(z+1),

with period t = ln% =1Ing—Inp.
Applying k times the derivative operator D, 4 to (a@x)gq successively yields to the following
proportion.
Proposition 2.1. Let n be a positive integer and 0 < k < n, we have
Byl k1], 1

1
k = (-1) q(2) -1 (ot

pQ(x@a)pq

Similarly, we get the following result.
Proposition 2.2. Let n > 1 be an integer and 0 < k < n, we have

1 n+k—1 1
Dt = T 3 (10
Yaoa), [n - 1]p,q' (a © pha)pg
Now, we analyze some properties of the (p, ¢)-exponential functions. We observe that
o0 o0
L ,-G) L ()
ex1(z) =) p~\2am =" q 2/ z",
) | |
P o [n]%% — [nl, !
thus, we get
e11(z) = Epg(z). (11)
r’q
In the same way, we have
Ey1(z) = epq (). (12)
p’q

How about the additive property of the (p, q)-exponential functions? The answer is that the
(p, q)-exponential functions do not have any additive propertties. Indeed,

epq () Epg(y) = (ZP ], ) (Zq ], )
=S (S 0] ]
Z (Z [k] pvqp ! ’ ) [n]P q!

n=0 k:O )
(@),

= Y (13)
n=0 pq

which is not any form of (p, ¢)-exponential functions (e, 4 (z) and E, 4 (x)).
We define a new type of (p, g)-exponential functions as

o0

€pq () = Z -

(14)

From Egs. (13) and (14), we deduce

ep,q (¥) Epg (y) = €pq (x & y)p,q )
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which can be called addition formula for (p, q)-exponentials. Similar to the usual exponential
o

o0
function e” = ) T+ and the g-exponential function e, (z) = [ﬁ] i, (p, ¢)-exponential function

n=0 n— a
has the following derivative property

Dpgepq (z) = €pq ().

Note that (p, g)-Pascal rules are given by (cf. [ )

(
(
T IR A )

n+ 1} k [”] n—k+1 [ n ]
=q +p : (16)
[ k P,q k P,q k—1 D,q

Here, we give a theorem about properties of the (p, ¢)-binomial coefficients.
Theorem 2.1. Fach (p,q)-binomial coefficient is a polynomial including the parameters p
and q of degree k(n — k) whose leading coefficient is 1.

and

Proof. This theorem can be proved by the same method in the proof of Corollary 6.1. in [18]. O

Also, the coefficients in the polynomial expression of [Z]p , are symmetric.
Note that the (p, ¢)-binomial coefficients also have combinatorial interpretations like g-binomial

coefficients and usual binomial coefficients.
Definition 2.1. [25] The function F(x) is a q-antiderivative of f(z) if Dy F(z) = f(x). It

s shown by
/f(a?) dp,q-

The following proposition is a (p, ¢)-generalization of the Proposition 18.1 in the book [18].
Proposition 2.3. Let 0 < ¢ < p < 1. Then, any function f(x) has at most one (p,q)-
antiderivative which is continuous at x = 0, up to adding a constant.

Proof. By using the similar proof’s technicals in [18] for g-antiderivative, this theorem can be
proved directly. O

Let us consider the following formula for the change of variable u = u (z) = Az* with A, u being
constants. If F'(z) is a (p, ¢)-antiderivative of f (x), then we have

[ dpgu=F ()= F (@),

Using the expression (8) we have for any p and ¢

Fu@) = [ Dpa (u(a) dyge

_ / (Dp g F) (u (2)) dpqu ().

If we take p = p'/* and § = ¢'/*, then we have DguguF' = Dy ,F' = f, and hence

[ @ = [ @) dype e o).

This formula implies that f (u (2)) D,/ g1/uu (2) is one of the (p, ¢)-antiderivatives of f ().
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The (p, q)-integral is defined (see [25]) by
e k k
qx q
/f (@) dpgr = (p—a) ) W‘f (pkﬂx> :

k=0

Let f (z) = Y arz® be a formal power series. Applying (p, q)-integral to the both sides of f ()
k=0
yields to
/ ( ) i Pran
f(x)dyqz = ap——+C,
o B,

where C' is a constant.
Some simple examples of (p, q)-integral are

/(x@y)z,qdp,qx = — Bl 4

/gp,q (x)dpgr = €pq(x)+C,

T

/ep,q () dpgr = epgq (p) +C,
z

Epq () dpqr = Epg E +C.

3. (p,q)-Trigonometric functions

The (p, ¢)-analogues of the sine, cosine, tangent and cotangent functions can be defined in
the same manner as their well known Euler expressions by means of the exponential functions.

Definition 3.1. Let i = /—1 € C. Then two pairs of (p,q)-trigonometric functions are
defined by

E B, (—
Sinpg T = €p.q (i) 2:12 ol z:c)7 Sinpq @ 1= p.q (i) > pa( “7),
— E E (—
COSpq T = €p.q(i7) +2€p7q( “7), Cospy 1= p.a(17) +2 pa ”U)7
i (17)
tany, 4 T 1= Spg T Tany 4 x© = Mp.g
COSpg T Cospq T
COSp g T Cos, g x
t = P4 C _ jx
“Otpa sin, 4 @ Olyg © Sinpq

Using the identity (17), we have
epq(i0) Ep g (i) + epg(—iz) Bp o (—iz) — 2
4 )

siny, g x Sinp ¢x = —

and . . . .
ep,q(1T) Ep g (i) + €y g(—iz) Ep g(—iz) + 2

4

cosp,q * Cosp T =
Thus, we derive the following formula
siny ¢  Siny, 4@ + cosp g ¢ Cosp v = 1,
which is the (p, ¢)-analogue of the well-known formula

2

sinx + cos’x = 1.
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By means of the (p, q)-trigonometric functions, the corresponding secant and cosecant func-
tions are described as

1 1
S€Cp.g L 1= CSCp.g T 1=
D,q ) D,q - )
COSp.q T sing, 4 x
Sec, qx = Cscp gt = ——
P,q : ’ P,q : . °
Cosp g2 Siny, ¢

Note that the (p, ¢)-tangent and (p, ¢)-cotangent functions coincide the following equalities
tan, ; v = Tan, 4o and coty, ,x = Cotp 42,

which are (p, ¢)-extension of the results in [9]. The two (p, ¢)-tangent functions are valid, how-
ever, one of these functions may be more useful than the other under special cases.
Now let us investigate (p, g)-derivatives of the (p, g)-trigonometric functions. By making use

of (3.1), we readily see that
Dpq <€p7q(ix) - ?nq(‘iaf))

Dy qsing gz

21
_ Dy gepq(iz) — Dpgepq(—iz)
21
epq(PT) + epq(—p)
= Bt 5 L) = cosp 4 (px) .

By the same way, the others are stated as follows.
Theorem 3.1. The (p, q)-derivative operator fulfils the following equalities

Dy g8inp g T = cosp 4 (p),

Dy ¢Sty gx = Cospq (q),

Dy g cospqx = —sing 4 (px),

Dy qCosp g = —Siny 4 (q),

Dy qtany gz =1+ tany, (pr) tan, 4 (¢2),

Dy g Tany gz =1+ Tany 4 (px) Tany 4 (qx),

Siniq (pz) + cosz%,q (pz)

siny, 4 (px) siny, 4 (g)

Dpqcotpqr = — )

Smf,’q (gx) + Cosg,q (gx)
Siny,q (px) Siny.q (q2)

Dy qCotp gz = —

9

Dy gsecpq T = secp 4 (qz) tany 4 (pz),

Dy gSecy v = Secyq (pz) Tany, 4 (q2),

Dy g 8Cpq T = — cscpq (qT) cotp 4 (pT),

D, Cscp qx = —Cscp 4 (px) Coty 4 ().

Now (p, q)-integration properties of the (p,q)-cosine and (p,q)-sine functions are given as
follows.

Theorem 3.2. The following (p, q)-integrals are verified by easy computations:

[ sing g xdp qx = — cosp g (%) +C,
[ cosp g xdy g = siny 4 <% +C,
J Sinp qzdy gz = —Cosyq (%) +C,

| Cosy qrdy gz = Sing 4 (%

The (p, ¢)-exponential functions are related to the (p, ¢)-cosine and (p, ¢)-sine functions as

[e's)
n=0

N—1

mn

[n]pq!

ep,q (i7)

B (2n—1)n .2n . — (2n+1)n ,.2n+1
E D 7+ E I o— x
n=0 [2n]p7q! n=0 [2“ + 1}107(1!

cospq (x) +isingyq (z),
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and

. N (M) 2"
Ep,q (Z.I‘) — Z q(2)2 [ ] '
=0 Mp.a:

i (_1)71 (2n—1)n.2n + i (_]‘)n (2n+1)n .2n+1
q z ? q x
—[2n], /! —[2n+1], !

= Cospq (@) + iSinyq (z).
The following theorem includes a connection with (p, ¢)-sine and (p, ¢)-cosine functions.
Theorem 3.3. We have

sing g v Cosp g = coSp g T Siny 4.

The (p, ¢)-analogues of hyperbolic functions can be defined in the same manner with their
well known Euler expressions by means of the exponential functions.
Definition 3.2. The (p, q)-hyperbolic functions are described as

sinhy g 7 = €p.q(T) _261?,C1<_35)7 Sinhy, gz E,q(x) —2Ep7q(—a:)7
coshy g = €p,q(T) +2€p,q(—$)’ Coshy gz = E,q(x) +2Ep7q(—x)’
sinh, , Sinhy, ,x (18)
tanh. g — S Bpg T T _ Dinhp el
anflp,q - coshy o 7’ anhy, g Coshngt’
coshy, s Coshy, g
St sinhy g2 Othp g Sinhy, g

The following relationhips hold true:

’ ep,q(x) = cosh,,  x + sinh, 4 x, ‘ E, 4(x) = Coshy qx + Sinhy, 4. ‘

Using the identity (18), we have

) ) ep.q(T)Ep q() + epg(—2)Ep g(—x) — 2
h S h — P,q p,q P,q p,q
sinhy, ; x Sinhy, ,x 4

and
coshy, s x Cosh,, qx = ep"I(‘T)EPﬂQ(x) + Gpi(—x)Ep,q(—x) + 2‘

Hence, we observe that
coshy 4 © Coshy gz — sinhy, ; x Sinh, o =1,
which is the (p, ¢)-analogue of the well known formula
cosh? z — sinh?z = 1.

Following the (p, ¢)-hyperbolic functions, the hyperbolic (p, ¢)-secant and (p, ¢)-cosecant func-
tions are defined by

T 1
sech, ;v .= ——, | cschy j2 i= ————
P coshy, , z’ pa sinhy, ; 2’
Sech, ,x := ———, | Csch, j0 i= ———.
pa Coshy, gz’ pa Sinh,, ;.

The following theorem consists of the (p, ¢)-derivative properties of (p, ¢)-hyperbolic functions.
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Theorem 3.4. The (p, q)-derivative operator fulfils the following equations

D,, 4sinhy, 4 = cosh,, 4 (pz), D, 4Sinhy, g = Coshy, 4 (qx),
D, 4 coshy, g = sinh,, , (pz), D, ,Coshy, & = Sinhy, 4 (qx),
D, 4tanhy, ,x = 1 — tanh, , (px) tanh, , (qz), | DpqTanh, qv =1 — Tanhy, 4 (px) Tanhy, 4 (qx),
sinh? x) — cosh? €T Sinh2 x) — Cosh? T
D,y cothy, & = Sipa (p) — coshy,q (p )7 D, 4 Cothy gz = = " (gz) = Cosly, (q )’
sinhy, 4 (px) sinh, 4 (gz) Sinhy 4 (px) Sinhy, 4 (qz)
D,, 4sechy, qx = —sechy, 4 (qx) tanhy, , (pz), D, ,Sechy, qx = —Sechy, 4 (px) Tanhy, 4 (qx),
D, qcschy gx = —cschy 4 (qx) cothy, 4 (pz), D,, ,Cschy, qx = — Cschy, 4 (px) Coth,, 4 (qz).

The following theorem includes the (p, ¢)-integral properties of (p, ¢)-hyperbolic functions.
Theorem 3.5. We have

Jsinhp g (2) dp gz = coshpq

[ cosh, 4 (2)dy 4z = sinh,,,
[ Sinhy, ¢ (z) dp gz = Coshy, 4
[ Coshy, 4 (z) dy gz = Sinh, 4

+ 4|+
Qa2 A

QIR (I8 IBIB IRIR

NN N N——1

The (p, q)-exponential functions are related to the (p, ¢)- hyperbolic cosine and (p, ¢)- hyperolic
sine functions by

VL
e ZP
pa ( ]

1>n p(2n=1) D" oa
_ 2n—1)n _2n 2n+1)n 2n+1
- Z [2n] t +Z[2n+1] P t

D, n—= p,q

¢
= coshp q (z) +sinh, 4 (),

p,q

and

g’

Ep,q (m) = Zq(g) najn
n=0

_ - (71) (2n—1)n 22" ( 1)n (2n+1)n ,.2n+1
= Z[Qn] K +Z ent+1 0 T

= Coshpgx + Sinhy, 4.

Using the formulas (11) and (12), we obtain the following results.
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Theorem 3.6. The following identities are readily attested:

sini 1 x = Siny, 4, Sin1 17 = siny 4,
p’q p’q
cos1 1 ¢ = Cosy 4, Cos1 1x = cosp g4 T,
p’'q p’q
tani 1 @ = Tan, 4z, Tani 1x = tan, 4,
p’q p’q
cot1 1z = Cotp g, Cot1 12 = cotp 4,
p’q p’q
sec1 1 x = Secy 4, Sec1 1T = secp 4 T,
p’q p’q
csc1 1@ = Cscp 4, Csc1 1w = cscpq @,
p’q p’q
sinhi 1 x = Sinhy 4z, | Sinhi 12 = sinh, 4 7,
p’q p’q
coshi 1 & = Coshy qx, | Coshi 12 = coshy 4,
p’q p’q
tanhi 1 @ = Tanh, qx, | Tanh: 1x = tanh, , x,
p’'q p’'q
coth1 12 = Cothma?, Cothi 1x = cothy, 4,
p’q p’q
sechl 12 = Sechy qv, | Sechi 1x = sechy, 4z,
p’q p’q
cschi 1T = Cschy gz, | Cschi 1T = cschy g.
p’q p’q
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In terms of the new (p, ¢)-exponential function €, ,z, the corresponding trigonometric func-
tions can be defined as

which satisfy

ot _ epqlimw) —epg(—iz) | — . Slllp,qed
SNy, ¢ = - , | tany g = —+—,
21 COSp ¢T
__ €p (i) + € o(—ix —~ COSyp, T
BBp g 1= ) S gl )’ Oty = ’.vp,q 7
sin, o
1 __ 1
S€C, T = CSCp gk = ———
D,q — P.q — )
’ COSp ¢ ’ siny, g
Dy, ¢siny, gz = cosp 4,
Dy, 4cosp qx = —siny, 4,
—~—  COSp T + tany, 4 (pr)sing g
Dy qtany gx = — )
COSpq (gz)
—~ _ siny g + coty 4 (px) cosp g
D, cot, ,r = — —
p,qCOlp,q - )
siny, 4 (qx)
. B siny, 4@
Dy gsecpqr = — — )
COSp.q (Px) COSp 4 (q)
__ COSp.oT
D, ,CSCp T = —— ol .
p,qCSCp,q - =
sin, 4 (pz) siny 4 (q7)

The (p, ¢)-exponential functions €, 4o are correlated with the new (p, ¢)-cosine and (p, g)-sine

functions as

gM (ir)

:ZZ

[e.9]

pq

—1
- Z [(Zn])

= C0Spq(z) + iSin}uJ ().

7 i Z 2n+

2n+1
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In terms of the new (p, ¢)-exponential functions €, ,x, the corresponding hyperbolic functions
are described as

— epo(x) —€po(—x — sinh,, ;&
sinh, 1 = pvQ( ) pz(I( ) tanh, .o = vaq
D,q 2 9 P,q h 9
cosny ¢
— epq(T) +epq(—2 — cosh,, ,x
cosh.. .z = pvQ( ) p,Q( ) coth, o :— vaq
P,q 9 ’ P,q inh. )
smhy, &
SeChp7q.'E = T, CSChpqﬂf = T7
cosny ¢ smhy, &

which fulfil

D, 4sinhy, jx = coshy, 4,

D, 4coshy, qx = sinh,, ,x,

— cosh, ,x + tanh ) sinh,, ,x
D, Jtanh, gz = P.q p.q (PT) P.q

Y

CfO\S/hpq (qz)

sinhy, go — coth,, , (px) coshy, ;@

D, 4cothy o = —

)

Siﬁlpq (qz)

sinh,, @

D, sech, .z = — — = ,
pamnd coshy, , (pz) coshy 4 (qx)

coshy 4

D, 4cschy gz = —

S/ﬁlp,q (pz) S/;HEPJI (gz) ‘

Theorem 3.7. The following (p, q)-integrals are valid:

[ siny, qzd,, g = —cosp gz + C,

[ cosp qrdy gr = sing, gz + C,

[ sinhy, gxd), gz = coshy, gz + C,

J coshy, qzd,, gz = sinhy x + C.

New (p, q)-trigonometric functions can be expressed by earlier defined (p,q)-trigonometric
functions as follows.
Theorem 3.8. The following equalities

sing ¢ (z ® ), , = siny gz Cosp g + cO8p g TSN 4,
sing ¢ ( © ), , = siny gz Cosp qx — co8p g TSNy o,
COSpq (z B ), , = cosp g Cospqx — siny g xSiny, 4,
COSpq (x O ), , = cosp g Cospqx + siny g xSiny, 4,
sinhy ¢ (¢ & ), , = sinhy, 2 Coshy, g + coshy, g xSinky, g,
sinhy 4 (v © ), , = sinhy, 2 Coshy, gx — coshy, g xSinky, g,
coshy 4 (z @ ), , = coshy, g 2 Coshy, g + sinhy, g xSinky, 4,
coshyq (z © ), , = coshy g 2 Coshy, & — sinhy, g xSinky, 4@

are true.
The following intriguing identities between (p, ¢)-trigonometric and (p, ¢)-hyperbolic functions
hold true.
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Theorem 3.9. We have

sinhy, , x = —isin, 4(iz)
Sinhy, qx = —iSin, ¢(iz) | ¢ — p=1| sinhz = —isin(iz),
SE;Elzqu = _Z’gi\;lp,q(m)
coshy, , & = cosp, 4 (i)
Coshy qx = Cosp q(ix) qg—p=1| coshz = cos (ix),
‘;D\SJhP,qu = CO8p,q (i)
tanh, , & = —itan, 4(ix)
Tanhy, qx = —iTany 4(iz) | ¢ — p=1|tanhz = —itan(iz),
t/z;rfhp’qx = —itan,, ,(iz)
cothy g & = icoty 4(ix)
Cothy, qx = i Coty 4(ix) g—p=1| cothx =icot(iz).
Cgﬁ/hpvqx = iCAO/tp,q(m)
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Here the (p, ¢)-trigonometric functions and the (p, ¢)-hypergeometric functions are examined

Theorem 3.10. We have

whether these functions are odd functions or even functions.

sing, 4 (—x) = —siny 4 @, Sing, 4 (—x) = —Siny 4, sing, 4 (—z) = —sin, 4z,
COSp 4 (—) = cosp 4 T, Cosp g (—x) = Cosp 4z, COSp q (—x) = cosp 4,

tany 4 (—z) = —tan, 4, Tany 4 (—x) = —Tany 4z, tany 4 (—x) = —tany, 4,

coty 4 (—z) = — coty 4 2, Coty 4 (—z) = —Coty 4z, coty 4 (—x) = —coty 4,

secpq (—T) =secpq,

Secp.q (—x) = Secy g,

SeCp,q (—T) = 8€Cp g,

CSCpq (—x) = —cscpq @, Cscpq (—x) = —Cscp g, CSCp.q (—x) = —CsSCp 4,
sinhy 4 (—x) = —sinhy gz, | Sinh, 4 (—z) = —Sinh, gz, | sinh, , (—z) = —sinh, z,

coshy, , (—x) = coshy 4z, Coshy, q (—x) = Coshy gz, | coshyq(—z) = coshy 4z,
tanhy, ; (—x) = —tanh, , x, | Tanhy, , (—x) = —Tanhy 4z, | tanh, , (—2) = —tanhy, 2,
cothy 4 (—x) = —cothy, gz, | Cothy,(—z) = —Cothy, 4z, | cothy, (—x) = —coth, 4z,

866%7(1 (_.’17) = 866%7‘]:5‘7

Sechy, 4 (—x) = Sech, 4,

Sec}l'pvq (_x) = Sec%vqx’

CSChp’q (_1‘) - _CSChP7q$7

Cschy g (—x) = —Cschy 4z,

cschy g (—x) = —cschy g

4. Conclusion

We have obtained some new results for post-quantum calculus, denoted by (p, q)-calculus.

Inequal. Appl., 98, 14 pp.
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